ON SPECIAL p-BOREL FIXED IDEALS 



ACHILLEAS SINEFAKOPOULOS 



Abstract. We define the reduced horseshoe resolution and the notion 
of conjoined pairs of ideals in order to study the minimal graded free 
resolution of a class of p-Borel ideals and recover Pardue's regularity 
formula for them. It will follow from our technique that the graded 
betti numbers of these ideals do not depend on the characteristic of the 
base field k. 



1. Introduction 

The study of p-Borel fixed ideals is a very interesting and fascinating prob- 
lem. One could safely argue that in characteristic p very few results are known, 
in contrast to the case of characteristic zero, where we can describe a minimal 
graded free resolution of any Borel fixed ideal, determine its regularity, find 
its graded Betti numbers and more. 

It was conjectured in [16] that the regularity reg(I) of a principal p-Borcl 
ideal / is equal to the maximum of some numbers given by a rather compli- 
cated formula. In [1] it was proved that reg(I) is larger than or equal to this 
maximum, while in [11] the authors prove the opposite inequality (see also 
[12])- 

Another known result is the computation in [9] of the Koszul homology 
of some special p-Borel ideals, which we shall define below, while a more 
recent result is their CW-resolution given in [14] using algebraic discrete Morse 
theory In both papers there are proofs of a formula that gives their regularity 
which agrees with Pardue's formula for principal p-Borcl ideals. 

Here we show how one can use the horseshoe lemma to get the form of the 
minimal graded free resolution of these special p-Borel ideals in an elementary 
way. Furthermore, we verify Pardue's regularity formula at the same time. 
Our idea was born from the observation of the Betti diagrams of several such 
ideals in MACAULAY 2 [10]. 

This paper is organized as follows: 

In Section 2, we introduce the reduced horseshoe resolution, which will 
help us deduce the minimal graded free resolution of R/IJ from the minimal 
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resolutions of R/I and R/J, when the pair (I, J) of ideals in R satisfies certain 
properties. 

In Section 3, we study the minimal graded free resolution over R of a class 
of ideals, which we call special. 

i U if 

3=1 

where 

Ij = (xi,s a , and = (xf ,a$, ...,x%) a * 

with 

n = £i > l 2 > ... >i s > 1 and < a, ■< 

Pi 

where the numbers 3+1 are integers > 1 for 7 = 1, s. 
Pj 

We call such ideals special. In particular, if pj = p Tj for j = 1,2, s, 
where r s > ... > 7*2 > ?*i > and p is prime, we call them special p-Borcl 
ideals. 

In Section 4, we construct a polyhedral cell complex that supports a mini- 
mal free resolution of some special (p-Borel) ideals. 

Finally in section 5, wc examine the iterated mapping cone construction. 

2. Reduced Horseshoe Resolution and Conjoined Pairs of Ideals 

All ideals in this paper are considered to be monomial ideals. Wc work 
over the polynomial ring R — k[x\,X2, ...,x n ]. For small n we may use the 
letters a,b,c,d, ... instead of xi, X2, X3, #4, .... 

Let A C B be two ideals in R and assume that the minimal graded free 
resolutions of A/B and A are of the form 

// / / / 

d d.-, d. e n 

> G m > G 2 — > Gi — Fi A/B > 

and 

// // // // 

d d 9 d-. e n 

>- F„ — ^ >- F 2 — Fi — !-> R R/A ^ 

Let Fi = a^k) for £ = 1,2, n and k = 1,2, 6^. and set 

rrii(A) = min{a ? ;^|fc = 1,2, ..,6,} 
Mi (A) =max{ai,fe|fe= 1,2, ..,bi} 

for i = 1,2, ...,n. Then the horseshoe lemma associated with the following 
short exact sequence 

^ A/B — R/B R/A ^ 
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jives us a free resolution of R/B, 





The differential map eo : F\ (BR — ► R/B is denned by eo(x, y) = tpe (x) + ir{y) 
for x £ Fx and y £ R, while the maps dk ■ Gt © Fk — > Gfc_i © i*fc_i for fc > 1 
are given by the following matrix 

d' k \ k 
4 

where the maps Xk are the ones denoted by the dashed arrows in the above 
commutative diagram. Moreover, the above maps must satisfy the following 
conditions (see, e.g. [5], p. 79-80) 

e = cjnr, 

i it 

ipe \i + nd l = and 

^fc-i^fc + Xk-id k =0 for k > 1. 

We may assume that e := Tru^i, because Im(d 1 ) = A. In order to define 
Ai, we choose a basis element e of Then itd x (e) = % (e) + B and 

V>eoAi(e) = ^(7r lA d'i (Ai(e))) = d' 1 '(A 1 (e)) + B. 

Thus, we need only make sure that (e) + d 1 (Ai(e)) is in B. Accordingly, 
we may define the map Ai : F\ — ► F\ such that Ai (e) = — e. Hence, the above 
horseshoe resolution of R/B is certainly not minimal. This leads us to define 
the reduced horseshoe resolution of R/B, 

Definition 1. Let A and B be two ideals in R as above. Then the complex 



G 3 (SF 3 



d 3 A 3 
d' 3 ' 



G 2 ®F 2 



do X 2 



Gi 



R- 



R/B- 
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is called the reduced horseshoe resolution of R/B with respect to A. 

It is easy to verify that this is a complex. Indeed, note that ird 1 X[ l d 1 = 
—ipe d 1 = 0, because e d 1 = 0, while 

di'A^di [4 A 2 ] = [di'A^VX) diW^)] = [0 -d'X] = [° °] ■ 
The other relations follow immediately from the fact that dkdk+i = for 
k > 1. 

Remarks 1. . 

(a) Although the horseshoe resolution of R/B is not minimal, there is a 
chance that its reduced horseshoe resolution is. For this to be true, 
the rank of the free R- module G\ should be equal to the number of the 
minimal generators of B and the matrices that represent the maps 
for k > 1 should not have any nonzero constant entry. We are already 
sure that the matrices that represent the maps d k and d k do satisfy 
the latter condition because we started with minimal resolutions of 
R/A and A/B. 

(b) If A = I and B = I J for some ideal / and J in R, we will talk 
about the reduced horseshoe resolution of R/IJ with respect to the 
ordered pair (I, J). More generally, if I\,....,Ik (k > 1) are ideals in 
R, such that we know the minimal graded free resolutions of R/Ik 
and Jfc//ft_i...7i, we will talk about the reduced horseshoe resolution 
of Rj '(Ifc.../2-fi) with respect to the ordered fc-tuple (Ik, ...,l2,Ii)- 

Let G(I) denote the unique minimal set of monomial generators of a (mono- 
mial) ideal I. 

Definition 2. We call an ordered pair (I, J) of monomial ideals I and J in 
R conjoined, if the following conditions are satisfied: 

(i) \G(IJ)\ = \G(I)\\G{J)\. 

(ii) There is a minimal presentation of I , 



such that all the entries of the matrix (f> belong to J . 

Example 1. Let I = (a 2 ,6 2 ,c 2 ) and J — (a,b,c) in R = k[a,6, c]. Then 
I J = (a 3 , a 2 b, ab 2 , b 3 , a 2 c, b 2 c, ac 2 , be 2 , c 3 ) and a minimal presentation of I is 



( b2 


-c 2 


\ 


-a 2 





-c 2 


V 


a 2 


*l 
R 



Hence the pair (I, J) is conjoined. 

The following lemma, which was inspired by lemma 2.2 of [9], gives us a 
systematic way of constructing conjoined pairs of ideals. 
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Lemma 3. Let I and J be two monomial ideals in R = h[xi,X2, ■••,x n ] such 
that every element of G(I) has degree d\ and every element of G( J) has de- 
gree d2- Suppose that {x^~ x^ 1 ) C J for some integer k > 1, where 
m = max{i\xi divides a minimal generator of I}. Then the pair (J^, J) 
is conjoined, where 1^ is the ideal generated by {u k : u G G(I)}. 

Proof. We first show that 

G(I [k] J) = {u [k] v : u G G(I),v G G(J)}. 

Certainly, the set on the right hand side above is a generating set of I^'J. 
We need to show that it is minimal. Assume that there are u G G(I) and 
v G G(J) such that vfflv is not a minimal generator. Then, we should have 

y\% = U l[k] v'w 

for some monomial w. This is impossible, because the above relation together 
with deg(u) — deg(u') and deg(v) = deg(v') implies that deg(w) = 0. Since 
{xy 1 , ....jX^" 1 ) C J, the degree e?2 of every element in G(J) is less than or 
equal to k — 1. Now if Oj and a\ denote the largest integers such that x"' 

divides v and x" 1 divides v' , then < \a>i — a t \ < o?2 < k for each i. Since fc 
divides \ati — aj, we have at = a i for each i and so u = v'. Accordingly, we 
also have u = v! , and so 

\G(I [k] J)\ = \G(I [k] )\\G{J)\. 
Now consider a minimal presentation of /, 

i? s fl* >- / >■ o 

where all the entries a.^j belong to (x%, ...,x m ). Then 

(.!*!) 

R s R* > j[ fc l ^ 



is a minimal presentation of and all the entries a' J belong to (x k , a;^„) C 
J. Clearly, this does not depend on the characteristic of the base field k. 



Next, the following lemma gives a sufficient condition for the minimality of 
the reduced horse resolution of R/IJ (with respect to I). Recall that m,i(A) 
(resp. Mj(-A)) is the minimum (rcsp. maximum) shift in i-th homological 
degree in the minimal graded free resolution of A. 

Lemma 4. Let (J, J) be a conjoined pair of ideals in R. If 

m fe+ i(J) > Mr (I) + M k (J) 

for 1 < k < pdim(I) — 1, then the reduced horseshoe resolution of R/IJ with 
respect to I is minimal. 
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Proof. Let 

> G m > G 2 Gi 7?. — %~ R/J > 

be the minimal graded free resolution of R/J and let 

// // // // 
^ F n — ^ ^ F 2 — — Fi R %~ R/I ^ 

be the minimal graded free resolution of R/I. Since the pair (/, J) is con- 
joined, there is a minimal presentation of /, 

R a — R t I > 0, 

such that all the entries of the matrix that represents cj> belong to J. Clearly, 
Fi = R f . Now, tensoring the above exact sequence with R/J yields 

I /I J R* ® R/J F x <g> R/J. 
Therefore, we get the minimal graded free resolution of I /I J, 

>• F 1 <g> G m > > Fi <g> G 2 ^ Fi ® Gi > Fi ///J 

Next, note that for j > 1 the maps A.,- that appear in the horseshoe lemma, 

Xj : Fj -> Fi ® Gj 
are graded of degree zero. Since 

m,-(/)>Mi(/)+M J -_i(J) ! 

we see that the degree of every basis element in Fj is larger than the degree of 
any basis element in F\ ® Gj. Therefore, the matrix that represents Xj does 
not have any nonzero constant entry. Finally, 

\G(IJ)\ = \G(I)\\G{J)\ = dim{F 1 )dim{G 1 )=dim{F 1 ®G 1 ) 1 

and therefore the reduced horseshoe resolution of R/I J with respect to (/, J) 
is minimal. 

Example 2. Consider the conjoined pair (/, J) of the ideals / = (a 2 , b 2 , c 2 ) and 
J = (a,b,c) as in example 1. The Betti diagrams for the minimal resolutions 
of R/ (a, 6, c) and R/ (a 2 , b 2 , c 2 ) are 



total : 1 3 3 1 
: 13 3 1 



total : 1 3 3 1 

1 . . . 

. 3 . . 

. . 3 . 

3 : ... 1 
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In MACAULAY 2 we observe that the Betti diagram for the minimal resolu- 
tion of R/J is 

total : 1 9 



12 



9 = 3-3 



12 = 3 • 3 + 3 



3 = 31 



1 



The minimal graded free resolution of R/I is of the form 

> R{-6) > i? 3 (-4) > i? 3 (-2) > R > R/I 

while the minimal graded free resolution of R/ J is of the form 







R(-3) 



R 3 (-2) 



R 3 (-l) 



^R 



R/J 



^0 



If we tensor this with i? 3 (— 2), we get the minimal graded free resolution of 
I/IJ, 



i? 3 (-5) 



7? 9 (-4) 



i? 9 (-3) 



i? 3 (-2) 



■ I/IJ 



^0 



Accordingly the reduced horseshoe resolution of R/I. J with respect to I is 



>i?(-6)©i? 3 (-5) 

which is minimal. 



-4) 



i? 9 (-3) 



■>0, 



3. Special (p-Borel) ideals 

Let p be a prime number and let s,i be positive integers with p-adic rep- 
resentations 

s = dip 1 and t = fop 1 
with < a,i, bi < p. Then, we define the following order -< p : 

s~< p t ^^^Omodp 
a,- < 6,- for alii. 



If x*- is the highest power of Xj that divides a monomial m, we write x*||m. 

Definition 5. (see, e.g., [7] or [16],). / is p-Borel if for every minimal gen- 
erator mo/ / cmd every Xj such that a^-||m ; then 




is in I for all i < j and s -< p t. 
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Let S = {mi, m2, m r } be a finite set of monomials. If I is the smallest 
p-Borel fixed ideal such that S is a subset of G(I), then we say that I is 
generated by mi, ni2, m r in the Borel sense and we write 

I =< mi, m 2 , m r > . 

In particular, if S = {m}, then I is called principal p-Borel and we write 
7 =< m >. 

Example 3. . Let R = k[a, b, c] with char(h) = 2. Then the ideal 

I = (a 3 , a 2 6, ab 2 , b 3 , a 2 c, b 2 c, ac 2 , be 2 ) 

is a 2-Borel fixed ideal, minimally generated (in the Borel sense) by b 2 c and 
be 2 ; that is, 

/ =< b 2 c, be 2 > . 

The ideal 

J = (a,b,c)(a 2 ,b 2 ,c 2 ) 

= (a 3 ,a 2 b, ab 2 , 6 3 , a 2 c, b 2 c, ac 2 , 6c 2 , c 3 ) 

= (/,c 3 ) 

=< c 3 > 

is a principal 2-Borcl fixed ideal. 

The first class of p-Borcl ideals in R = k[xi, x n ] that were studied were 
the ones of the form 

A=< < >, 

where fi is a positive integer, i.e. the Cohcn-Macaulay p-Borcl fixed ideals 
(see, e.g. [2], [11] and [16]). The basic structure theory of principal p-Borcl 
ideals was developed in [16], where it was proved that if fXk = Ylk % fJ-kiP 1 ', 
where < /j,ki < P — 1 , then 

k.i 

Products like the ones in the above structure of principal Borel that depend 
on certain values of the /z^'s were studied in [9] and [14]. These results and the 
observation of the Betti diagrams of several p-Borel ideals in MACAULAY 2 
led us to study the following ideals. 

Definition 6. A special ideal over R is an ideal of the form 

' II'/ 

j'=i 

where 

I j = (x 1 ,x 2 ,...,x ij p and = (a$ i t a%,...,a%) a > 
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with 

n = lx > i 2 > ... > £ s > 1, 

and 

< aj < 

Pj 

with the numbers 3+1 &emg integers > 1 /or aii j = 1, s. /n particular, 
Pj 

if Pj = p Tj for j = 1, s for some prime number p and some integers r s > 
... > ri > ri > 0, we call it special p-Borel ideal. 

A special p-Borel ideal is Borcl fixed if char(k) = p. Every p-Borel Cohen- 
Macaulay ideal is special, but as it is clear, not every principal p-Borel ideal 
is special. 

Example 4. Let R = k[a, b, c] (char(k) = 2). Then the 2-Borel ideal (a, 6, c) 2 (a 4 , 6 4 ) 
is special, but not principal, since 

(a, b, c) 2 (a 4 , 6 4 ) = (a 6 , a 5 6, a 4 6 2 , a 2 6 4 , ab 5 , 6 6 , a 5 c, a 4 6c, a6 4 c, 6 5 c, a 4 c 2 , 6 4 c 2 ) 

=< 6 5 c, 6 4 c 2 > . 

The main result in this section is the following 

Theorem 7. The reduced horseshoe resolution of a special ideal I — YVj=i 
with respect to the ordered s-tuple (^I s Ps \ ...,/{ Pl '^ is minimal. 

In order to prove this theorem, we will introduce some notation and prove 
lemma 8 and lemma 9 first. The ideals Ij are Borel fixed and their minimal 
graded free resolution is of the form 

=- R 13 ^- 1 (-d ijd ) > >■ R' 3l -J (-di,j) > R > R/Ij > 

where d^j = a } ; + i — 1 for i = 1,2, (see, e.g. [8]). Accordingly, the 
minimal graded free resolution of i?/ij Pj ' is 

> tA- 3 (-ctjj) — =- R l3l - j (- ClJ ) -"H- R > R/I [ p ] ^ 

where Cj j = Pjdij for i = 1,2, ij. This does not depend on the character- 
istic of the base field k. Consider the following free i?-modules Fi, k , 

= R< 3 ^(-{a l +i-l)p 1 ) (l<i<ii) 

and for 1 < k < s. 

F = {{ R01 - k (-akPk)®F i>k - 1 )(BR^»-i(-(a k + i-l)p k ), if 1 <»<**; 
^^(-fflfciJfc) ®-Fi,fe-i, otherwise. 

The -R-module Fi lk is the free module that appears in homological degree i in 
the minimal graded free resolution of the ideal J k = Ij^ 1 ...If 2 /f 1 (1 < k < s). 
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The degrees of the basis elements of Fi_ k , i.e. the shifts in the minimal free 
resolution of J k are the elements of the sets Si,k, where for 1 < fc < s we set 

Si,k = {aipi + a 2 p 2 + ■•• + a k pk}, 
and for 2 < i < l\ = n 

Si t k = {(ai+i-l)pi+a 2 p 2 +...+a k p k , (a 2 +i-l)p 2 +a 3 p3+ ...+a k p kl (dfc+i-1 

for 2 < i < if. — 1, and S^ k = S^ k -i + {a k Pk} otherwise. 
Now we prove the following lemma. 

Lemma 8. . We have 

(a) (a k + l)p k > aipi + a 2 p 2 + ■■■ + a k p k , for 1 < k < s. 

(b) (a k + i - l)p k > (a fc _i + i - 2)p k -i + a k p k for 2 < i < l\ and k > 2. 

(c) For fixed i, k with 1 < k < s and 2 < i < £ k — 1, the maximum element 
of S it h is c ltk = (a k +i-l)pk- 

(d) For fixed k with 1 < k < s, max{Si. k — i\l < i < l\ — 1} is equal to 
max{Si, k — i\i k < i < l\ — 1}, which is equal to the maximum of the 
elements 

(ai +h - l)pi + a 2 p 2 + ... + a k p k - £i, 
(a 2 +£ 2 - l)p 2 + a 3 p 3 + ... + a k p k - £ 2l 

... j 

(afe+4 - i) Pk -4- 

Proof . 

(a) By induction on k. For k = 1, the inequality is trivially true. So 
assume that it is true for fc — 1 for some k > 1. Then, by the induction 

Pk 

hypothesis and since a k -i + 1 < , we get 

Pk-i 

aiPx + a 2 p 2 + ... + a fc _ip fc „i + a k p k < {a k -\ + l)p k -i + a k p k 

< Pk + a-kPk 
= (a k + l)pk, 

as desired. 

(b) Since a/t-ip/c-i < p k and p k > Pk-x, for k > 1, it follows that for 
1 < i < l x we have 

(a k + i - l)pk = a k p k + (i- 2)p k + p k 

> a k p k + 2)p fe _i + a fc _ip fe _i 
= a k p k + (afc-i + i - 2)p fe _x, 

as desired. 
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(c) For k = 1 this is clearly true, so assume that k > 2. Then it suffices 
to show that 

(dj + i - l)pj + a,j +1 p j+ i + . .. + a k p k < (a j+ i+i-l)p j+ i+ a J+2 Pj+2 + ■■■ + a k p k 
for 1 < j < k — 1. The above inequality is equivalent to 

(dj +i- l)pj <(i- l)Pj+i, 
which is true, since 

(aj + i - l)pj = (aj + l)pj + (i - 2)pj 

< p j+1 + 2)pj 

< p j+1 + 2) Pj+1 
= (i- l)p j+ i. 

(d) First, the fact that max{Si & — i\l < i < 4} is equal to maxj^j; — 
*|4 < i < 4} follows from part (c) and 

(dk+i- l)pk - i > (cik + i - 2)p k - (i - 1) 
for i > 2 along with 

(a k + l)pk - 2 > {aipi + a 2 p2 + ■■• + a k ~iPk-i + a k p k ) - 1, 

which is true from part (a). Now, for k = 1, our claim is clearly true, 
so assume that for some k > 2, the maximum element of maxjS^fc-i — 
i 1 1 < i < 4} is equal to the maximum of the elements 

(ai l)p\ + a 2 p 2 + ■■■ + a fe _ip fe _i - 4, 

(a 2 + h - l)p 2 + azVi + ■■■ + a-k-Wk-i - 4, 

(a fc _i + 4-i - l)Pfc-i - 4-i- 

From the definition of the sets Si ik , we see that maxjS'^fc — i\l < i < 
4} is equal to the maximum of 

max{S , iifc - i\l < % < 4}, 

and 

max{S'i i fc_i - i\£k < i < 4} + a k p k 

Now since 

max.{S ltk - i\l < i < 4} = (ak + 4 - t)Pk - 4, 

and 

max{S^ fe _i - i\£ k <i <h} + a k p k = max{S^ fe _i —i\l<i< 4} + akPk, 
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from the induction hypothesis, it follows that max{Si^k — i|l < i < 4} 
is equal to the maximum of the elements 

(ai +4 - + a 2 p2 + ■■■ + a k -ip k - 1 + a k p k - 4, 
(a 2 + 4 - 1)P2 + a 3 p 3 + ... + a k -ip k -i + a k p k - £ 2 , 

(a fe _i + 4-i - l)Pfc-i + akPk - 4-i 
(a fc + 4 - l)p k - 4. 

The proof is now complete. 
In order to prove theorem 7 we need the following lemma. 

Lemma 9. . Let J k = J**" 1 ...If If 1 (1 < fc < s). T/ien 

(a) All elements of G( J k ) are of equal degree (I < k < s). 

(b) (j k Pk \ Jk-ij is a conjoined pair of ideals for 1 < k < s. 

(c) m 3 {I [Pk] ) > M x {I^ h] ) + Mj_i(J fc _i) /or 2 < j < £ k and 2 < k < s. 
Proof. 

(a) This follows by an easy induction and an argument as the one in the 
proof of Lemma 3. 

(b) This follows from the above part, Lemma 3 and part (a) of Lemma 8. 

(c) Note that m^/^ 1 ) = (a k +j-l)p k , M^I^) = a kPk , M^J^) = 
( a k-i + 3 ' ~ 2)p k _i. Thus, the required inequality becomes 

(a fe + j - \)p k > a k p k + (a fc _i + j - 2)p k -i, 

which is part (b) of Lemma 8. 



Proof of Theorem 7. Let 2 < k < s and assume by induction that the 
minimal graded free resolution of R/ J k -\ has been obtained already 

$71 k — 1 $1 fc 1 

> F n , fe _i — s- Fi, fe _i R >- iJ/Jfc.x >■ 

where the degrees of the basis elements of the free R— modules i^fc-i are 
the elements of Si^ k -\, for 1 < i < n. We know that the minimal graded free 

resolution of R/I^^ is of the form 

> R^>" (-ce^kf-^^ > R 01 > k (-ci, fe ) R > R/l]f k] > 

From Lemma 9 part (b) above, we see that the pair {ljj? h \ Jk-i) is conjoined. 
Then Lemma 9 part (c) together with Lemma 4 implies that the reduced 
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horseshoe resolution of R/I^ k Jk-i is minimal and is of the form 

>■ F n>k F hk R R/J k 

Since our techniques do not depend on the characteristic of the base field, 
we obtain the following. 

Corollary 10. The graded betti numbers of a special p-Borel ideal do not 
depend on the characteristic of the base field k. 

Also, we recover Pardue's regularity formula. 

Corollary 11. Let I = Ilj=i ^ ^ e a special p-Borel ideal. Then the 
regularity reg(I) of I is the maximum of 

aip ri + a 2 p r2 + ... + a s p r ° + (p ri - - 1), 

a 2 p r2 + ... + a s p r ° + {p r *-l)(e 2 -l), 

a aP r ' + (p r '-l)(i.-l). 

Proof. This is immediate from the definition of regularity combined 
with Lemma 8 part (d), the above proposition and the fact that reg(I) = 
reg(S/I) + 1. 

4. Cellular resolutions 

In char(k) = 0, it is known that the Eliahou-Kervairc resolution of a Borel 
fixed ideal 7 is a CW- resolution (see [3]). If I is generated in one degree, then 
another minimal free resolution of I can be supported on a polyhedral cell 
complex (see [18]). In char(h) = p, it has been proved in [2] that the minimal 
free resolution of a Cohen-Macaulay p-Borel fixed ideal is a CW-resolution 
and in [14] that the minimal free resolution of a special p-Borel fixed ideal is 
also a CW-resolution. 

Here we construct a polyhedral cell complex that supports the minimal free 
resolution of some special ideals. Our main result is the following 

Proposition 12. There exists a polyhedral cell complex that supports a min- 
imal free resolution of a special ideal I of the form 

l — yu^i , J, 2 ! •••) A n I V^l 7 x 2 ! —i ■'n I y^X l J '2 > •") J 'n ) 

Before we prove this proposition, we consider a generalized permutohedron 
ideal. Set d := a± and recall that dpi < p 2 - Let u = (dp\,p 2 , 0, 0) be 
in W 1 . By permuting the coordinates of u, we obtain n(n — 1) points in N n 
constituting the vertices of an (n — l)-dimensional generalized permutohedron 
n(u) (see also, [15]). We label the vertices of n(u) by the monomial generators 
of 

K(u) := (s* 1 4 a |l<i J i<n,i 9 6j). 
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in a natural way and then we label an arbitrary face F of n(u) as usual, that 
is, by the 1cm of the monomial labels on all vertices in F. The inequality 
description of II (u) is 

n 

n(u) = {(«!,...,«„) G R" | ^ Vj = dpi +p 2 and0 < Vi <p 2 iovi = 1,2, ...,n}, 

i=i 

i.e. II(u) is the intersection of the (n — l)-simplcx 

n 

1+P2 , ■ •• ,< PI+P2 ) = {(«!, -,0 G M5o I E ^ = *i + M- 

J=l 

with the n half spaces v n ) G M n |ui < p 2 } ( i = 1,2, ...n). Since 

K(u)^,b is empty or contractible for all b G Z n , II(u) supports a free resolution 
of if (u). It is easy to see that that this resolution is minimal, since any two 
comparable faces of the same degree coincide (see [4]). Thus, we have proved 
the following. 

Lemma 13. The polyhedral cell complex II(u) supports a minimal free reso- 
lution of K(vl). 

We need the following lemma from [18]. 

Lemma 14. Let I and J be two monomial ideals in R such that G(I + J) = 
G(I) U G(J) set-theoretically. Suppose that 

(i) X and Y are regular cell complexes in some M. N that support a ( min- 
imal) free resolution for I and J , respectively, and 

(ii) X n Y is a regular cell complex that supports a (minimal) free resolu- 
tion for I n J. 

Then X UY supports a (minimal) free resolution for I + J. 

Proof of Proposition 12. It suffices to consider the case s = 2; the 
general case is similar. Consider all monomial generators of (xy , x^-) d that 
are not divisible by Xj and denote the ideal they generate by Kj (1 < j < 
n). A minimal free resolution of Kj is supported on the (n — 2)-dimensional 

complex Pj := Pd{xy , ...,a^ 1 , ...,x^). Multiplying all vertices of Pj by x? 2 , 
we obtain a polyhedral cell complex Qj that supports a minimal free resolution 
ofxfKj. 

Let a C [n] = {1,2, ...,n}. Replacing the face of II(u) that lies on the 
hyperplane {(i>i, v n ) G R n |i>j = Pi) by Qj for j G a gives us a polyhedral 
cell complex iI CT that supports a minimal free resolution of the ideal 

Am., • 'V 

The intersection of 11^ with x^ 2 P ai (x\, ...,x n ) is Qj for j G a. Applying 
lemma 14, we glue all these complexes to obtain a polyhedral cell complex 
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that supports a minimal free resolution of 

In particular, when a = [n], we obtain a polyhedral cell complex that supports 
a minimal free resolution of 

(Jl rj.Pl rrPl\d( P2 P2 P 2\ 

{■^1 3 2 > , "> J/ n / v x l ' x 2 (■••) J/ n /" 

Remark 1 . It follows from the above proposition that there exists a polyhedral 
cell complex that supports a minimal free resolution of any Cohen-Macaulay 
2-Borel fixed ideal. 

Example 5. The polyhedral cell that supports a minimal free resolution of 
(a, b, c)(a 2 , b 2 , c 2 ) is 



c 3 




5. Mapping cone 

By applying the iterated mapping cone technique (see [6], [13], [17]) as in 
the case of Borel fixed ideals in characteristic zero, we do not always obtain 
a minimal resolution in characteristic p. The smallest example that wc found 
in characteristic two using MACAULAY 2 [10] is the following one in three 
variables. 

Example 6. Let R = k[a, b, c] (char(k) = 2), 

/ = (a 3 , a 2 b, ab 2 , b 3 , a 2 c, b 2 c, ac 2 ,bc 2 ), 

and 

I 1 = (a 3 , a 2 b, ab 2 , 6 3 , a 2 c, b 2 c, ac 2 ). 
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Starting with the ideal (a 3 ) and adding the monomial generators of I' one at 
a time in the order that appears above, the iterated mapping cone gives us a 
minimal free resolution of V . However, if / is the map from the resolution of 
R/(I' ■ be 2 ) to the resolution of R/I' induced by multiplication by be 2 , then 
the mapping cone of / does not give us a minimal free resolution of R/I. This 
is clear from the following Bctti diagrams of /' and /, since 02,5(1') = 1, while 

#2,500 = 0- 

total : 1 7 9 3 total : 1 8 10 3 



1 . . . 

. . . . 1 

.7 8 2 2 

..11 3 



1 



8 10 2 
. . 1 



As the proof of the following proposition shows, the ordering of the mono- 
mial generators of the above ideal is not important. 

Proposition 15. There exists a p-Borel fixed ideal I such that for any or- 
dering mi y ?7i2 >~ ■■■ r- Tn r of its minimal generators, there is some i 
with 2 < i < r, such that the mapping cone of multiplication by mi from 
a minimal resolution of R/((mi, ...,mi_i) : m^) to a minimal resolution of 
R/(mi, nti—i) is not a minimal free resolution of R/(mi, mi). 

Proof. Let R = k[a, b, c] with char(k) — 2 and consider the ideal 

/ = [a 3 , a 2 b, ab 2 , b 3 , a 2 c, b 2 c, ac 2 , be 2 ), 

The minimal cellular resolution of / consists of two triangles with vertices in 
{a 3 ,a 2 b,a 2 c} and {ab 2 , b 3 , b 2 c} , and the hexagon 11(1,2,0) with vertices in 
{a 2 b, ab 2 , a 2 c, b 2 c, ac 2 , be 2 }. 

It suffices to check whether we can get the above hexagon by an iterated 
method, i.e. by adding one monomial at a time in a suitable order and by 
considering each time the minimal cellular resolution of the corresponding 
ideal that we get. 

This is impossible. Indeed, let I{S) be the ideal generated by be a 5- 
element subset S of the vertices of the 6-gon {a 2 b,ab 2 ,a 2 c,b 2 c,ac 2 ,bc 2 }. By 
considering cases, it is easy to see that the total betti number (3 3 (I(S)) is 
non-zero. That is, the minimal free resolution of I(S) is supported on a 2- 
dimcnsional polygon, i.e. there is an edge that connects two vertices, which 
are not connected in 11(1,2,0). For example, if S = {a 2 b,ab 2 ,a 2 c,b 2 c,ac 2 }, 
we see that there is an edge between ac 2 and b 2 c, which is denoted with a 
dashed edge in the above figure. This means that when we add be 2 to S, we 
must erase that edge in order to obtain 11(1, 2, 0), which supports a minimal 
free resolution of the ideal generated by the new set S U {be 2 }. 

Remark 2. This means that there is a lifting map Xi in the mapping cone of 
the map / from example 6 with a non-zero constant entry in the matrix that 
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b 2 c 



represents it. Thus, there is a multigraded free module R(— e) that appears 
in the i-th. homological degree in both resolutions of RjV and R/(I' ■ be 2 ). If 
we cancel (by a change of basis) the two copies of R(— e) that appear in the 
mapping cone, we obtain a minimal free resolution of R/I. 

However, this does not mean that every time we have a copy of R{— e) in 
the same homological degree, we could obtain a minimal free resolution by 
cancelling it. One of the smallest examples in characteristic two that we found 
using MACAULAY 2 [10] is the following one in five variables. 

Example 7. Let R = k[a, b, c, d, e] with char(k) = 2 and let B be the 2-Borcl 
fixed ideal 

B =< ace 2 , b 2 e 2 , bed 2 , bc 2 d > . 

Then 

B : (bee 2 ) = (6, a, d 2 , cd, c 2 ) 

and the 2-Borel fixed ideal A = (B, bee 2 ) =< bc 2 d, bee 2 > has 30 generators. 
The Bctti diagrams of B and A are 



total 

1 
2 
3 
4 
5 



29 78 83 41 8 



29 



5G 
22 



34 
48 
1 



G 

30 
5 



total 

1 
2 
3 
4 
5 



30 83 91 46 9 



30 



58 
25 



35 
5G 



G 

3G 
4 



We note that one copy of each of R(-(l, 2, 1, 0, 2)), R(-(0, 2, 2, 2, 2)) and 
R(— (1,2,2,2,2)) appears in homological degrees 2, 4 and 5, respectively, in 
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the resolutions of R/B and Rj (B : bee 2 ), but the two copies of R(— (1, 2, 1, 0, 2)) 
that appear in the mapping cone cannot be cancelled. 
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